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Abstract. We define and investigate modulation invariant spaces on a
locally compact abelian group G with respect to a closed subgroup of the
dual group Ĝ. Using a range function approach, we establish a character-
ization of modulation invariant spaces. Finally, we define a metric on the
collection of all modulation invariant spaces and study some topological
properties of the metric space.
1. Introduction and Preliminaries
For a locally compact abelian (LCA) group G, a translation invariant space
is defined to be a closed subspace of L2(G) that is invariant under transla-
tions by elements of a closed subgroup Γ of G. Translation invariant spaces
in case of Γ closed, discrete and cocompact, called shift invariant spaces, have
been studied in [4, 5, 12, 13, 14, 17], and extended to the case of Γ closed
and cocompact (but not necessarily discrete) in [3] (see also [8, 9]). Recently,
translation invariant spaces have been generalized in [2] to the case when Γ is
closed (not necessarily discrete or cocompact), see also [11]. Another spaces,
which are effective tools in Gabor theory, are spaces invariant under modula-
tions. Due to the important role of the Gabor theory in mathematical analysis
and its applications, it is important to study modulation invariant spaces. Our
main result in this paper is a characterization of modulation invariant spaces
in terms of range functions. The basic idea is the fact that the image of
a modulation invariant subspace of L2(G) under the Fourier transform is a
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translation invariant subspace of L2(Ĝ). We use this fact to transform modu-
lation invariant spaces to translation invariant spaces and then we follow the
ideas in [3, 2]. By transforming L2(G) into a vector valued space, in such a
way that modulations by a closed subgroup of Ĝ become multiplications by a
nice family of functions, we characterize modulation invariant spaces in terms
of range functions. Another goal of the paper is to consider the collection of
all modulation invariant spaces as a metric space. Using range functions, we
define a metric on the collection of all modulation invariant spaces and we
study some topological properties of this metric space, that is we show that it
is complete, noncompact, and disconnected. The manuscript is organized as
follows. The rest of this section is devoted to proposing some required prelim-
inaries related to translation invariant spaces from [3, 2]. Section 2 contains
our main results related to modulation invariant spaces. We investigate mod-
ulation invariant spaces using a range function approach. We then define and
investigate a topology (in fact a metric) on the collection of all modulation
invariant spaces on G in Section 3.
Let (Ω,m) be a σ- finite measure space and H be a separable Hilbert space.
A range function is a mapping J : Ω −→ { closed subspaces of H }. We write
PJ (ω) for the orthogonal projection of H onto J(ω). A range function J
is measurable if the mapping ω 7→ 〈PJ (ω)(a), b〉 is measurable for all a, b ∈
H. Consider the space L2(Ω,H) of all measurable functions φ from Ω to H
such that ‖φ‖22 =
∫
Ω ‖φ(ω)‖
2
H
dm(ω) < ∞ with the inner product 〈φ,ψ〉 =∫
Ω〈φ(ω), ψ(ω)〉Hdm(ω). A subset D of L
∞(Ω) is said to be a determinig set
for L1(Ω), if for all f ∈ L1(Ω),
∫
Ω fgdm = 0 for all g ∈ D implies that f = 0. A
closed subspace V of L2(Ω,H) is called multiplicatively invariant with respect
to a determining set D, if for each φ ∈ V and g ∈ D one has gφ ∈ V . Bownik
and Ross in [3, Theorem 2.4] showed that there is a correnpondence between
multiplicatively invariant spaces and measurable range functions as follows.
Proposition 1.1. Suppose that L2(Ω) is separable, so that L2(Ω,H) is also
separable. Then for a closed subapace V of L2(Ω,H) and a determining set D
for L1(Ω) the following are equivalent.
(1) V is multiplicatively invariant with respect to D.
(2) V is multiplicatively invariant with respect to L∞(Ω).
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(3) There exists a measureble range function J such that
V = {φ ∈ L2(Ω,H) : φ(ω) ∈ J(ω) , a.e. ω ∈ Ω}.
Identifying range functions which are equivalent almost everywhere, the corre-
spondence between D- multiplicatively invariant spaces and measurable range
functions is one to one and onto. Moreover, there is a countable subset A of
L2(Ω,H) such that V is the smallest closed D- multiplicatively invariant space
containing A. For any such A the measurable range function associated with
V satisfies
J(ω) = span{φ(ω) : φ ∈ A} a.e. ω ∈ Ω.
Now assume that G is a second countable LCA group and Γ is a closed
subgroup of G. Let Γ∗ be the annihilator of Γ in Ĝ. Also suppose that Ω
is a measurable section for the quotient Ĝ/Γ∗ and C is a measurable section
for the quotient G/Γ. For γ ∈ Γ we denote by Xγ the associated character
on Ĝ, i.e. Xγ(χ) = χ(γ) for χ ∈ Ĝ. One can see that the set {Xγ |Ω :
γ ∈ Γ} is a determining set for L1(Ω). A closed subspace V ⊆ L2(G) is
called Γ- translation invariant space, if TγV ⊆ V for all γ ∈ Γ. We say
that V is generated by a countable subset A of L2(G), when V = SΓ(A) =
span{Tγf : f ∈ A, γ ∈ Γ}. In [2, Proposition 6.4] it is shown that there
exists an isometric isomorphism between L2(G) and L2(Ω, L2(C)), namely
Z : L2(G) −→ L2(Ω, L2(C)) satisfying
(1.1) Z(Tγφ) = Xγ |ΩZ(φ).
The forthcoming proposition, which is [2, Theorem 6.5], states that Z turns
Γ- translation invariant spaces in L2(G) into multiplicatively invariant spaces
in L2(Ω, L2(C)) with respect to the determining set D = {Xγ |Ω : γ ∈ Γ} and
vice versa. It also establishes a characterization of Γ- translation invariant
spaces in terms of range functions.
Proposition 1.2. Let V ⊆ L2(G) be a closed subspace and Z be as in (1.1).
Then the following are equivalent.
(1) V is a Γ- translation invariant space.
(2) Z(V ) is a multiplicatively invariant subspace of L2(Ω, L2(C)) with respect
to the determining set D = {Xγ |Ω : γ ∈ Γ}.
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(3) There exists a measurable range function J : Ω −→ {closed subspaces of L2(C)}
such that
V = {f ∈ L2(G) : Z(f)(ω) ∈ J(ω) , for a.e. ω ∈ Ω}.
Identifying range functions which are equivalent almost everywhere, the corre-
spondence between Γ- translation invariant spaces and measurable range func-
tions is one to one and onto. Moreover if V = SΓ(A) for some countable
subset A of L2(G), the measurable range function J associated with V is given
by
J(ω) = span{Z(φ)(ω) : φ ∈ A} a.e. ω ∈ Ω.
2. Modulation Invariant Spaces
Our goal in this section is a characterization of modulation invariant spaces
in terms of range functions. The idea is that we transfer modulation invariant
spaces to translation invariant spaces, and then we apply Proposition 1.2 to
the latter spaces, with the aid of which we characterize modulation invariant
spaces in terms of range functions. Let G be an LCA group and Λ be a
closed subgroup of Ĝ, which is not necessarily discrete or cocompact. A closed
subspace W ⊆ L2(G) is called Λ- modulation invariant, if MλW ⊆ W for all
λ ∈ Λ, whereMλ is the modulation operator defined asMλ : L
2(G) −→ L2(G),
Mλf(x) = λ(x)f(x). We say that W is generated by a countable subset A of
L2(G), when W = MΛ(A) = span{Mλf : f ∈ A, λ ∈ Λ}. When A = {ϕ},
MΛ(ϕ) is called a principal modulation invariant space. Assume that Λ∗
is the annihilator of Λ in G. In addition, suppose that Π is a measurable
section for the quotient G/Λ∗ and D is a measurable section for the quotient
Ĝ/Λ. For λ ∈ Λ we denote by Xλ the associated character on G. One
can see that the set D = {Xλ|Π : λ ∈ Λ} is a determining set for L
1(Π).
Let Z : L2(Ĝ) −→ L2(Π, L2(D)) be similar to (1.1) and F be the Fourier
transform on L2(G). We define an isometric isomorphism as
(2.1) Z˜ : L2(G) −→ L2(Π, L2(D)), Z˜ := Z o F .
In the next theorem, we show that Z˜ turns Λ- modulation invariant spaces in
L2(G) into multiplicatively invariant spaces in L2(Π, L2(D)) and vice versa.
Further we establish a charactrization of Λ- modulation invariant spaces in
terms of range functions. The main idea of the proof is that the Fourier
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transform maps Λ- modulation invariant subspaces of L2(G) to Λ- translation
invariant subspaces of L2(Ĝ).
Theorem 2.1. Let W ⊆ L2(G) be a closed subapace and Z˜ be as in (2.1).
Then the following are equivalent.
(1) W is a Λ- modulation invariant space.
(2) Z˜(W ) is a multiplicatively invariant subspace of L2(Π, L2(D)) with respect
to the determining set D = {Xλ|Π : λ ∈ Λ}.
(3) There exists a measurable range function J : Π −→ {closed subspaces of L2(D)}
such that
(2.2) W = {f ∈ L2(G) : Z˜(f)(x) ∈ J(x), for a.e. x ∈ Π}.
Identifying range functions which are equivalent almost everywhere, the corre-
spondence between Λ- modulation invariant spaces and measurable range func-
tions is one to one and onto. Moreover if W = MΛ(A), for some countable
subset A of L2(G), the measurable range function J associated with W is given
by
J(x) = span{Z˜(φ)(x) : φ ∈ A} a.e. x ∈ Π.
Proof. For (1) ⇒ (2) assume that W is a Λ- modulation invariant space and
F is the Fourier transform on L2(G). Then F(W ) is clearly a Λ- transla-
tion invariant subspace of L2(Ĝ). By [2, Theorem 6.5], Z˜(W ) = Z(F(W ))
is a multiplicatively invariant subspace of L2(Π, L2(D)) with respect to the
determining set D = {Xλ|Π : λ ∈ Λ}. For (2) ⇒ (3), suppose that Z˜(W ) is
multiplicatively invariant. By Proposition 1.1,
Z˜(W ) = {φ ∈ L2(Π, L2(D)) : φ(x) ∈ J(x) , a.e. x ∈ Π},
for some measurable range function J . Applying Z˜−1 we get
W = {f ∈ L2(G) : Z˜(f)(x) ∈ J(x) , for a.e. x ∈ Π}.
Finally, for (3) ⇒ (1), assume that (2.2) holds for some measurable range
function J . For f ∈W and λ ∈ Λ, using (1.1) we have
Z˜(Mλf)(x) = Z(F(Mλf))(x)
= Z(Tλfˆ)(x)
= Xλ|Π(x)Z(fˆ)(x)
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= Xλ|Π(x)Z˜(f)(x) ∈ J(x) a.e. x ∈ Π,
which proves (1). Now letW =MΛ(A) for some countable subset A of L2(G).
Put B = Z˜(A), then B is a countable subset of L2(Π, L2(D)). By (1.1)
Z˜(W ) = span{Xλ(x)φ(x) : λ ∈ Λ , φ ∈ B}.
Now by Proposition 1.1 the range function associated with Z˜(W ) is
J(x) = span{Φ(x) : Φ ∈ B} = span{Z˜φ(x) : φ ∈ A}.
The proof of one to one correspondence between Λ- modulation invariant
spaces and measurable range functions is similar to [2, Theorem 6.5] and is
omitted. 
Corollary 2.2. For an LCA group G, a closed subspace W of L2(G) that is
invariant under all modulations (i.e. W is Ĝ- modulation invariant) can be
written as
(2.3) W = {f ∈ L2(G) : supp f ⊆ F},
for some measurable subset F ⊆ G.
Proof. In this case F(W ) is a Ĝ- translation invariant subspace of L2(Ĝ). By
[2, Remark 6], F(W ) = {f ∈ L2(Ĝ) : supp fˆ ⊆ E}, for some measurable
subset E ⊆ G and (2.3) follows. 
For a countable subset A ⊆ L2(G), we can give characterizations of frames
and Riesz bases generated by A in terms of the operator Z˜ defined in (2.1).
Theorem 2.3. Let A ⊆ L2(G) be a countable subset and J be the measurable
range function associated with W =MΛ(A). Assume that EΛ(A) := {Mλφ :
φ ∈ A}. The following conditions are equivalent.
(1) EΛ(A) is a continuous frame (continuous Riesz basis) for W with bounds
0 < A ≤ B <∞.
(2) The set {Z˜φ(x) : φ ∈ A} is a frame (Riesz basis) with bounds A and B,
for almost every x ∈ Π.
Proof. Using the fact that unitary operators preserve frames and Riesz bases
[6, Section 5.3], we know that EΛ(A) is a continuous frame for MΛ(A), if and
only if
F(EΛ(A)) = {Tλφˆ : φ ∈ A}
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is a continuous frame (Riesz basis) for
F(MΛ(A)) = span{Tλφˆ : φ ∈ A}.
Equivalently, for almost every x ∈ Π, the set {Zφˆ(x) : φ ∈ A} is a frame
(Riesz basis) for J(x), where Z is as in (1.1) (see [2, Theorem 6.10]). Now by
(2.1),
{Zφˆ(x) : φ ∈ A} = {Z˜φ(x) : φ ∈ A}.
This completes the proof. 
The following proposition states that every Λ- modulation invariant space
can be decomposed to mutually orthogonal Λ- modulation invariant spaces
each of which is generated by a single function in L2(G). The proof is similar
to [3, Theorem 5.3] and so is omitted.
Proposition 2.4. Let W be a Λ- modulation invariant subspace of L2(G).
Then there exist functions φn ∈W , n ∈ N such that
(1) The set {Mλφn : λ ∈ Λ} is a Paseval frame for M
Λ(φn).
(2) The space W can be decomposed as an orthogonal sum
W =
⊕
n∈N
MΛ(φn).
Example 2.5. For a fixed prime number p, the field of p-adic numbers Qp
is the completion of rational numbers x =
∑
∞
j=m cjp
j for m ∈ Z and cj ∈
{0, 1, . . . , p− 1} under the p-adic norm |.|p defined as follows (see [7, Chapter
2]). Every nonzero rational x can be uniquely written as x = r
s
pn, where
r, s, n ∈ Z and p does not divide r or s. We define the p-adic norm of x by
|x|p = p
−n, in addition |0|p = 0. Then Qp is an additive LCA group and
Zp := {x ∈ Qp : |x|p ≤ 1} =
{∑
∞
j=0 cjp
j : cj ∈ {0, 1, . . . , p− 1}
}
is a closed,
compact, and open subgroup of Qp. A fundamental domain of Zp in Qp is
Ω =


−1∑
j=m
cjp
j : cj ∈ {0, 1, . . . , p− 1}

 .
By Theorem 2.1, every Zp- modulation invariant space of L
2(Qp) is of the form
W = {f ∈ L2(Qp) : Z˜f(x) ∈ J(x) a.e. x ∈ Ω},
for some measurable range function J : Ω −→ { closed subspaces of L2(Ω) },
where Z˜ : L2(Qp) −→ L
2(Ω, L2(Ω)) is the Zak transform defined as (2.1).
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3. The Modulation metric
In [15], we defined a translation metric on the collection of all translation
invariant spaces and studied some topological properties of the metric space.
In this section, we define a similar metric for the modulation case. Infact we
introduce and investigate topological properties of a modulation metric θ, a
metric on the collection of all modulation invariant subspaces of L2(G). Let
MI(G) denote the collection of all modulation invariant subspaces of L2(G).
For each V and W in MI(G) define
(3.1) θ(V,W ) = inf{α > 0 : m({x ∈ Π : ‖PJV (x)− PJW (x)‖ > α}) = 0},
where JV and JW are the measurable range functions associated with V and
W , PJV (x) and PJW (x), x ∈ Π, are the orthogonal projections onto JV (x) and
JW (x) respectively, ‖.‖ denotes the operator norm, and m is the Haar measure
of G. In the forthcoming proposition, we show that θ is a metric on MI(G),
which is called modulation metric. Note that if V and W are modulation
invariant spaces, then θ(V,W ) ≤ ǫ if and only if, ‖PJV (x)− PJW (x)‖ ≤ ǫ, for
a.e. x ∈ Π.
Proposition 3.1. With the notation as above, θ is a metric on MI(G).
Proof. Positivity of θ follows from the definition. For V and W in MI(G),
if θ(V,W ) = 0, one can find a sequence (αn) of positive numbers converging
to 0 and a set E of measure zero such that ‖PJV (x) − PJW (x)‖ ≤ αn, for
all n ∈ N and for x ∈ Π. It follows that ‖PJV (x) − PJW (x)‖ = 0 for a.e.
x ∈ Π, so the projections onto JW (x) and JV (x) are the same a.e. and hence
V = W , in the sence of the usual convention that two modulation invariant
spaces are equal if the corresponding range functions are equal a.e. On the
other hand, V = W implies that JV (x) = JW (x) for a.e. x ∈ Π, which in
turn implies that ‖PJV (x) − PJW (x)‖ > 0 only on a set of measure 0. Hence
θ(V,W ) = 0. For the triangle inequality, if U , V , and W are modulation
invariant spaces and ǫ > 0, one can getM1,M2 > 0 such thatM1 < θ(V,U)+
ǫ
2 ,
M2 < θ(U,W ) +
ǫ
2 , m({x ∈ Π : ‖PJV (x) − PJU (x)‖ > M1}) = 0, and m({x ∈
Π : ‖PJU (x) − PJW (x)‖ > M2}) = 0. Applying the triangle inequality for the
norm gives
‖PJV (x)− PJW (x)‖ ≤M1 +M2 a.e x ∈ Π.
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It follows that θ(V,W ) ≤ θ(V,U)+θ(U,W ). Finally, it’s obvious that θ(V,U) =
θ(U, V ). 
In the sequel, we show that MI(G) is a complete, noncompact, and discon-
nected metric space. First of all we need the following lemma.
Lemma 3.2. Let (Jn) be a sequence of measurable range functions, and let
(Pn(x)) be the corresponding sequence of orthogonal projections onto Jn’s.
Suppose that (Pn(x)) converges to the orthogonal projection P (x) in the op-
erator norm for x ∈ Π. If J(x) is the range of P (x), then J is a measurable
range function.
Proof. Let f ∈ L2(D). Setting Fn(ξ) = Pn(ξ)f and F (ξ) = P (ξ)f , we have
(3.2) ‖Fn(ξ)− F (ξ)‖ ≤ ‖Pn(ξ)− P (ξ)‖‖f‖.
It now follows that F (ξ) = limFn(ξ). Thus F is the limit of a sequence (Fn)
of vector valued measurable functions and hence is measurable. That is J is
measurable. 
Theorem 3.3. The space MI(G) is complete in the modulation metric.
Proof. Suppose (Wn) is Cauchy in MI(G). Then (PJWn (x)) is Cauchy in
the Banach space BL(L2(D)), the space of all bounded linear operators on
L2(D). Hence it converges to an orthogonal projection P (x) for a.e. x ∈ Π.
Let J(x) be the closed subspace of L2(D) associated with the orthogonal
projection P (x). Consider the modulation invariant space W := {ϕ ∈ L2(G) :
Z˜ϕ(x) ∈ J(x) a.e. x ∈ Π}, we have JW (x) = J(x) for a.e. x ∈ Π, and hence
PJW (x) = P (x) for a.e. x ∈ Π. Consequently, (Wn) converges to W in the
modulation metric. 
As a consequence of Theorem 3.3 we have the following corollary. Let
PMI(G) denote the collection of all principal modulation invariant subspaces
of L2(G).
Corollary 3.4. The space PMI(G) is complete in the modulation metric.
Proof. Suppose that (Wn) is a Cauchy sequence in PMI(G). By Theorem
3.3, (Wn) converges to some W ∈MI(G). We need only to show that W has
a single generator. For 0 < ǫ < 1, choose p ∈ N such that θ(Wn,W ) < ǫ for
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all n ≥ p. This implies that ‖PJWn (x) − PJW (x)‖ < ǫ for a.e. x, whenever
n ≥ p. Hence dim JW (x) = dim JWn(x) = 1 for a.e. x ([18, Theorem 4.35]).
This proves that W can be generated by a single function, and hence W ∈
PMI(G). 
Let FMI(G) be the collection of all modulation invariant spaces generated
by a fixed number of elements of L2(G). With the same proof as Corollary
2.4, one can see the following corollary.
Corollary 3.5. The collection FMI(G) is complete in the modulation metric.
Now we show that MI(G) is not compact.
Proposition 3.6. The space MI(G) is not compact in the modulation metric
topology.
Proof. Using [16, Theorem 45.1], it is enough to show that MI(G) is not
totally bounded in the modulation metric. First choose a countable basis
{ϕ1, ϕ2, . . . } for L
2(G). Set Wm = M
Λ(Am), where Am = {ϕ1, ϕ2, . . . , ϕm}.
Then Wm ⊂ Wm+1 for any m, and hence ‖PJWm (x) − PJWm+1 (x)‖ = 1 for all
x ∈ Π ([18, Theoram 4.30]). That is θ(Wm,Wm+1) = 1 for all m. Hence for
ǫ = 12 , no finite collection of ǫ-balls can contain all Vm’s. 
In the next theorem we show that the metric space MI(G) is disconnected.
Theorem 3.7. The space MI(G) is disconnected in the modulation metric.
Proof. It is enough to show thatMI(G) has an open and closed proper subset.
That PMI(G) is closed follows from Corollary 2.4. Now we show that it is
open. Let W ∈ PMI(G); put r = 12 . We show that Br(V ) ⊆ PMI(G), where
Br(W ) is an open ball with center W and radius r. Let V ∈ Br(V ); then
θ(W,V ) < 12 , and hence dim JW (x) = dim JV (x) for a.e. x ∈ Π ([18, Theorem
4.35]). Hence V ∈ PMI(G). Since W is arbitrary, then PMI(G) is an open
subspace of MI(G). That is MI(G) is disconnected. 
Remark 3.8. In the case that the closed subgroup Λ of Ĝ is also cocompact,
our results in this paper can be phrased in terms of the so called fiberization
map T : L2(Ĝ) −→ L2(Π, l2(Λ∗)),T f(x) = {fˆ(x + k)}k∈Λ∗ , instead of the
Zak transform Z. In this case, Theorem 2.1 says that a closed subspace W of
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L2(G) is Λ- modulation invariant if and only if W = {f ∈ L2(G) : T˜ (f)(x) ∈
J(x), for a.e. x ∈ Π}, for some measurable range function
J : Π −→ {closed subspaces of L2(D)},
in which T˜ : L2(G) −→ L2(Π, l2(Λ∗)), T˜ := T o F , and F is the Fourier
transform on L2(G). Moreover if W = MΛ(A), for some countable subset A
of L2(G), the measurable range function J is given by
J(x) = span{T˜ (φ)(x) : φ ∈ A} a.e. x ∈ Π,
(compare with [3, Theorem 3.8]).
Example 3.9. We give an example of a sequence of Z- modulation invariant
subspaces of L2(R) converging in the modulation metric. Define φ := 1(0,1) ∈
L2(R), and suppose (φn) is the sequence defined by φn(x) =
n+1
n
1(0,1)(x).
Let W = MZ(φ) and Wn = M
Z(φn). A direct calculation from [3, Theorem
3.8] shows that JV (ξ) = span{e0} and JVn(ξ) = span{
n+1
n
e0}, where (ek) is
the standard basis of l2(Λ∗). So the projections onto JWn(ξ)’s and JW (ξ) are
the same and we can conclude that (Wn) converges to W in the modulation
metric.
References
1. M. S. Balasubramani, V. K. harish, A new metric in the study of shift invariant subspace
of L2(Rn), Methods Funct. Anal. Topology, 18(3) (2012), 214–219.
2. D. Barbieri, E. Hernandez, V. Paternostro, The Zak transform and the structure of spaces
invariant by the action of an LCA group, J. J. Funct. Anal.269(5) (2015), 1327–1358.
3. M. Bownik, K. Ross, The structure of translation-invariant spaces on locally compact
abelian groups., J. Fourier Anal. Appl. 21(4) (2015), 849–884.
4. M. Bownik and Z. Rzeszotnik, The spectral function of shift-invariant spaces., Mich.
Math. J. 51 (2003), 387414
5. C. Cabrelli, V. Paternostro, Shift-invariant spaces on LCA groups, J. Funct. Anal. 258
(2010), 2034–2059.
6. O. Christensen, An Introduction to Frames and Riesz Bases (2nd edition), Applied and
Numerical Harmonic Analysis, Birkhauser, 2016.
7. G. B. Folland, A Course in Abstract Harmonic Analysis, CRC Press, 1995.
8. H. Helson, Lectures on Invariant Subspaces, Academic Press, New York, 1964. Press
1995.
9. H. Helson, The Spectral Theorem, Lecture Notes in Mathematics Springer-Verlag, New
York 1986.
12 M. MORTAZAVIZADEH, R. RAISI TOUSI
10. E. Hewitt, K. A. Ross, Abstract harmonic analysis, Vol 1, Springer-Verlag, 1963.
11. J. W. Iverson, Subspaces of L2(G) invariant under translation by an abelian subgroup,
J. Funct. Anal. 269 (2015), 865–913.
12. R. A. Kamyabi Gol, R. Raisi Tousi, A range function approach to shift-invariant spaces
on locally compact abelian groups., Int. J. Wavelets Multiresolut. Inf. Process.8 (2010),
49–59.
13. R. A. Kamyabi Gol, R. Raisi Tousi, The structure of shift-invariant spaces on a locally
compact abelian group., J. Math. Anal. Appl.340 (2008), 219–225.
14. R. A. Kamyabi Gol, R. Raisi Tousi, Shift invariant spaces and shift preserving operators
on locally compact abelian groups., Iran. J. Math. Sci. Inform. 2(6) (2011), 21–32.
15. M. Mortazavizadeh, R. Raisi Tousi, R. A. Kamyabi Gol, On a metric on translation
invariant spaces, Iran. J. Math. Sci. Inform, to appear.
16. J. R. Munkres, Topology: a First Course, Second Edition, Prentice Hall, 2000.
17. R. Radha, N. Shravan kumar, Shift invariant subspaces on compact groups., Bull. Sci.
Math. 137(4) (2013), 485-497.
18. J. Weidmann, Linear Operator in Hilbert Space, Springer-Verlag, New York-Berlin, 1980.
